We present and analyze results of ab initio computations of nonsequential double ionization of the hydrogen molecule in a few-cycle intense laser pulse. To this end, we have used a model of planar molecules with static nuclei, in which the electronic center-of-mass motion is restricted along the polarization direction of the linearly polarized laser. Alignment of the internuclear axis parallel and perpendicular to the polarization axis of the laser field are considered. We show how the relative electron dynamics, parallel and transversal to the field polarization axis, can be used to resolve the different pathways to nonsequential double ionization. Besides the well-known mechanisms, namely, simultaneous emission of an electron pair upon rescattering and recollisioninduced excitation with subsequent field ionization, we identify two additional pathways. According to our interpretation the latter are due to a decay of doubly excited states, created during the recollision event, and correlated electron emission after soft recollision. Finally, we analyze the relative strengths of the different contributions to nonsequential double ionization as a function of the laser intensity.
I. INTRODUCTION
Due to the technological progress in the generation of ultrafast laser pulses the interaction of atoms and molecules with such intense light sources has gained much attention in recent years. One of the basic issues in this respect is the dynamical role of electron correlations in an atom or molecule exposed to the external field. The correlations become most apparent in double and multiple ionization of neutral atoms or molecules at near-infrared wavelengths ͑e.g., at the Ti:sapphire wavelengths around 800 nm͒ and peak intensities of 10 13 -10 15 W / cm 2 . Experimental data of the yields of doubly and multiply charged ions are found to exceed by many orders of magnitude the theoretical predictions of a stepwise and uncorrelated ionization of one electron after the other by the field ͑e.g., ͓1-5͔͒. The observations therefore implied the breakdown of a single-active-electron assumption and exhibit the importance of electron correlation for this so-called nonsequential double ͑multiple͒ ionization ͑NSDI͒ process ͑for a recent review, see e.g., ͓6͔͒.
It is nowadays widely accepted that the correlated emission of electrons from the atom or molecule is due to the so-called recollision process ͑previously also named antenna process ͓7,8͔͒. According to this interpretation at first, one electron gets active by the interaction with the field and is emitted from the atom or molecule via tunnel ionization through the combined barrier of the Coulomb potential and the external field. The electron is then driven by the oscillating field first away from and then back to the parent ion. The recollision of the electron with the ion is the common origin of different pathways leading to the emission of a second ͑or even more͒ electron͑s͒. Originally, a simultaneous emission ͑SE͒ of both electrons initiated by the recollision of the first electron has been considered. Later, an additional pathway has been proposed ͓9-12͔, in which the recolliding electron first excites the ion and the external field then ionizes the excited ion at a later time in the pulse. The latter mechanism is nowadays also termed as recollision-induced excitation with subsequent field ionization ͑RESI͒.
As mentioned above, NSDI has been observed in atoms as well as in molecules ͓2,13-16͔. While the basic rescattering mechanisms appear to be present independently of the target structure, it is rather unknown how molecular features, such as orbital symmetries, many-center interference effects, orientation of the molecule or vibrations, do influence the NSDI process. First insights regarding the alignment dependence are provided by recent experiments on NSDI in N 2 and O 2 ͓17,18͔. Among others it has been observed that the relative strength of the two pathways ͑SE and RESI͒ depend on the alignment of the molecule with respect to the polarization direction ͓17͔.
Theoretical analysis of the NSDI process is a challenging task, as the corresponding two-electron Schrödinger equation is a 6 + 1-dimensional partial differential equation in space and time. Theoretical developments regarding the twoelectron atomic problem include the ab initio numerical solution of the Schrödinger equation in full ͓19-21͔ and reduced dimensions ͓22-27͔, S-matrix calculations ͓10,28-33͔, classical trajectory Monte Carlo calculations ͓34͔, and classical Wannier-type calculations ͓35,36͔. For a more detailed review of the theories of NSDI we refer to ͓37͔.
Some of these theoretical methods have been extended to the molecular case. In classical calculations the decay of a highly excited two-electron molecule, formed after rescattering, has been analyzed by identifying the saddles of the effective adiabatic potential energy surface. The results did not show significant signatures of the alignment of the molecule on the momentum distribution of the two electrons ͓38͔. On the other hand, an extension of the semiclassical quasistatic model did show an alignment effect of the double-to-single ionization ratio ͓39-41͔. In this model the motion of a twoelectron system, created by tunneling of the first electron considering the two-center characteristics of a diatomic molecule, is determined by the classical Newton equations. Nu-merical simulations in reduced dimensions with static ͓42,43͔ and moving nuclei ͓44͔ have been performed up to now for alignment of the hydrogen molecule along the polarization axis only.
Below, we will present and compare results of ab initio calculations for alignment of the molecule parallel and perpendicular to the field direction. To this end, we make use of a recently introduced approximation of the two-electron problem, in which the center-of-mass motion of the two electrons is restricted to one dimension along the polarization axis of the laser field, whereas the relative electron motion is kept unchanged ͓26,42,43͔. Previously, we were able to identify the SE and RESI mechanisms of double ionization of the hydrogen molecule aligned along the polarization direction ͓42,43͔. Based on the same approximation, we now introduce a planar two-electron diatomic model, which allows us to consider different alignments of the molecular axis with respect to the laser polarization direction. The paper is organized as follows: In Sec. II we introduce and characterize the planar two-electron model of the hydrogen molecule. Next, in Sec. III A we present snapshots of numerical simulations for the parallel and perpendicular alignment of the molecule. The results will be used to identify the different pathways to NSDI of the molecule via the relative electron dynamics parallel and transversal to the polarization direction. Based on this analysis we then quantify the different mechanisms contributing to NSDI and compare their relative strengths for the two alignments in Sec. III B. Finally, conclusions are given in Sec. IV.
II. H 2 MODEL BEYOND ONE-DIMENSIONAL APPROXIMATION
In this section we sketch a recently introduced twoelectron model for atoms ͓26͔ and aligned molecules interacting with an intense linearly polarized laser field ͓42,43͔, which treats the correlated electron motion beyond the traditional one-dimensional approximation ͑e.g., ͓45-47͔͒. The key approximation of the model is to consider the center-ofmass motion as one dimensional along the laser polarization axis, while retaining the relative electron dynamics in its full complexity. In the present study, the introduction of molecular alignment as a degree of freedom forces us to consider planar molecules to reduce the computational load. We should stress that the dimensional reduction of the center-ofmass motion is only compatible with molecular geometries symmetric with respect to the polarization axis, i.e., axial and perpendicular alignments. In the following we will characterize the features of the approximations through the comparison of the relevant states and energies of the H 2 and H 2 + molecules for the NSDI process in the cylindrical, planar, and perpendicular cases.
A. Cylindrical and planar H 2 models
The Hamiltonian of a hydrogen molecule with frozen nuclei interacting with a linearly polarized intense laser pulse can be written in dipole approximation as ͑Hartree atomic units, e = m = ប = 1, are used͒
where R = ͑r 1 + r 2 ͒ / 2, P = p 1 + p 2 , r = r 1 − r 2 , and p = ͑p 1 − p 2 ͒ / 2 are the center-of-mass and relative coordinates and momenta of the two electrons, respectively. ϮR k / 2 denotes the positions of the two nuclei with respect to the origin of the coordinate system, which is chosen to correspond with the center-of-mass of the nuclei. A͑t͒ is the vector potential of the linearly polarized field. In the representation of the two-electron Hamiltonian in the center-of-mass and relative coordinates, the two primary interactions for the double ionization process, namely, the electron-field interaction and the electron-electron interaction are decoupled. While the vector potential couples to the center-of-mass coordinate of the two electrons, the electron repulsion is connected to the relative coordinate only. A solution of the time-dependent Schrödinger equation corresponding to the full Hamiltonian, Eq. ͑1͒, requires the integration of a partial differential equation with six dimensions in space and one in time. This is at the limit of present supercomputer systems for studies at experimental laser parameters, i.e., Ti:sapphire frequencies and intensities of more than 10 14 W / cm 2 . A feasible strategy to reduce the computational effort is to consider models in which the degrees of freedom in the two-electron system are reduced. For the case of a linearly polarized field, the most recurrent approximation is to reduce the system dimensionality to two, one for each electron, plus time ͑e.g., ͓45-47͔͒. This kind of approximation has been applied successfully to single-activeelectron effects, such as single ionization and sequential double ionization, where the interaction of individual electron͑s͒ with the linearly polarized field plays the dominant role. However, as pointed out at the outset, in nonsequential double ionization the electron-electron repulsion becomes a relevant interaction too. In contrast to the electron-field interaction, in this case the corresponding term, 1 / r in Eq. ͑1͒, does not have a preferred directionality and, therefore, the reduction to one dimension per electron is not desirable.
In order to improve the 1D description we have recently proposed an alternative model ͓26,42,43͔ that restricts the center-of-mass motion of the two electrons to one dimension along the polarization direction, but leaves the relative motion unrestricted. For molecules aligned with the field polarization, the combination of this approximation with the cylindrical symmetry reduces the complexity of the problem to three dimensions: one for the center-of-mass ͑Z͒ and two for the relative coordinate ͑, perpendicular, and z, parallel to the field polarization͒, as depicted in Fig. 1͑a͒ .
In the general case of arbitrarily aligned molecules due to the absence of a particular symmetry the dimensional reduction of the center-of-mass coordinate would simplify the problem from six to four dimensions only. In order to tackle effectively the alignment problem, a further dimensional reduction is required. Our choice has been to consider an initial problem of planar H 2 molecules ͑i.e., two electrons evolving in a two-dimensional space each͒. In this case the four dimensions of the general problem are reduced to three as the center-of-mass is restricted to the polarization axis. The corresponding three-dimensional model Hamiltonian is given by
with the Coulomb potential between the electrons and the nuclei
where ⌰ is the inclination angle between the internuclear axis and the polarization axis and a planar 2 is a parameter to soften the Coulomb potential. In the following we will consider the two special cases of alignment of the internuclear axis parallel ͑⌰ =0͒ and perpendicular ͑⌰ = / 2͒ with respect to the polarization axis. The corresponding coordinate systems for these two configurations are illustrated in Figs. 1͑b͒ and 1͑c͒. Again, Z represents the center-of-mass coordinate of the two electrons, which is restricted to the polarization direction. z and x denote the relative coordinates of the two electrons parallel and perpendicular to the polarization axis, respectively. Please note that the cylindrical H 2 model for molecules aligned along the polarization axis, which has been studied by us before ͓42,43͔, is given by replacing x by and setting ⌰ = 0 in Eqs. ͑2͒ and ͑3͒. In addition, the soft Coulomb parameter differs in the planar ͑a planar 2 ͒ and cylindrical ͑a cyl 2 ͒ models.
B. Eigenstates and energies
Before we proceed with the numerical calculations for the double ionization dynamics, it seems necessary to characterize the degree of accuracy retained in assuming the planar molecule approximation, as well as the coherence between our molecular models after the dimensional reduction of the center-of-mass coordinate for different molecular alignments. In particular, for the study of nonsequential double ionization, we should focus our attention on the consistence of the ionization potential of H 2 , the excitation energies of H 2 + , and the eigenstate geometries for the planar model in the two alignments and the cylindrical ͑parallel alignment͒ model.
The ground and excited states of H 2 and H 2 + are obtained via imaginary time propagation of an initial guess wave function. In case of the excited states the energetically lower states are projected out at every time step. For simplicity, we have calculated the states for H 2 + using the same code as in the case of H 2 , but dropping the electron-electron interaction term in the Hamiltonians in Eq. ͑2͒. This corresponds to an independent particle model. The resulting energies are rescaled to obtain the quantities for a single electron.
In the calculations we have fixed the nuclei at R k = 1.4 a.u., which corresponds to the literature value for the equilibrium distance of H 2 . The parameters a cyl 2 = 0.366 in the cylindrical configuration ͑cf. ͓42͔͒ and a planar 2 = 0.622 in the FIG. 1. ͑Color online͒ Illustration of the coordinate systems: R 1 and R 2 denote the positions of the nuclei located symmetrically about the center of the coordinate system and aligned parallel ͓pan-els ͑a͒ and ͑b͔͒ and perpendicular ͓panel ͑c͔͒ to the polarization axis ⑀, respectively. r 1 and r 2 denote the positions of the electrons. The center-of-mass coordinate of the electrons is restricted to the polarization axis. In panels ͑b͒ and ͑c͒ the relative coordinate r is restricted to a plane spanned by z and x.
planar one are chosen such that the respective ground state energies of H 2 for the parallel configurations are close to the literature value in Born-Oppenheimer approximation ͓48͔. Table I shows the energies of the two lowest eigenstates of H 2 and H 2 + in the three configurations. The eigenvalues of the states differ for the different models due to the restriction of the motion of the two electrons. The restriction of the center-of-mass coordinate along the polarization direction, for example, inhibits contributions from ionic configurations in the case of perpendicular alignment but not for parallel alignment. Note that the single ionization potentials ͓E 0 ͑H 2 ͒ − E 0 ͑H 2 + ͔͒ in the planar parallel and perpendicular configurations are almost equal ͑difference below 10 −4 a.u.͒, while the energy differences between the ground and the first excited states of H 2 + are slightly larger in the perpendicular configuration ͉͑E 1 ͑H 2 + ͒ − E 0 ͑H 2 + ͉͒ = 0.2951 a.u.͒ than in the parallel alignment ͉͑E 1 ͑H 2 + ͒ − E 0 ͑H 2 + ͉͒ = 0.2827 a.u.͒. Next, we present in Figs. 2 and 3 the spatial probability distributions of those states of H 2 and H 2 + , which will be relevant for the analysis of the numerical calculations below. We show the results obtained for the three configurations, cylindrical ͑upper panels͒, planar with parallel alignment ͑middle panels͒, and planar with perpendicular alignment of the molecular axis ͑lower panels͒, integrated over the perpendicular component of the relative coordinate, x and , respectively, in the panels of the left-hand columns, and integrated over the parallel component of the relative coordinate z in the panels of the right-hand columns.
The ground state of H 2 ͑Fig. 2͒ exhibits the expected pronounced covalent nature with two maxima in the z-Z distribution for both the parallel ͓panels ͑a͒ and ͑c͔͒ and in the x − Z distribution for the perpendicular alignment ͓panel ͑f͔͒, respectively. In the cylindrical configuration the two maxima are closer to each other. Figure 3 shows the distributions corresponding to the first two excited states of the two-electron H 2 + . As explained above, the results are obtained using the Hamiltonian for H 2 but dropping the electron-electron interaction term. The present distributions in this independent particle presentation correspond to the overlap of two one-electron states. The ground state ͑not shown͒ represents an overlap of two electrons in the 1s g orbital. The first excited state within the two-electron model is the overlap of one electron in the 1s g orbital and one in the 2p u orbital. This state is twofold degenerated. The respective probability densities are shown in Fig. 3 . The two columns on the left represent one and those on the right the other state, respectively. Please note, that between the parallel and the perpendicular alignments the two states are interchanged. The averaged energy value of the two states, E 1 , is given in Table I . Figures 2 and 3 show that the relevant states of H 2 and H 2 + are accurately modeled within the cylindrical model as well as within the planar model. These obtained probability densities may impact our quantitative studies on the alignment dependence of nonsequential double ionization as follows. On one hand, we may expect similar single ionization probabilities for both alignments, as the ionization potentials of H 2 are identical in both model configurations and ionization from a g orbital is expected to be rather independent of the molecular alignment ͓49-51͔. Rescattering can either lead to simultaneous emission of the two electrons ͓7,8͔ or to an excitation of the H 2 + ion, which ionizes at some time later ͑RESI͒ ͓9-12͔. Simultaneous emission occurs due to single ionization followed by a laser-assisted electron-impact ionization. In view of the almost identical single ionization potentials, the difference in the double ionization potential should, but weakly, affect the probabilities for electron-impact ionization. We, however, expect that this does not influence the conclusions of the present manuscript. On the other hand, for the RESI process one has to consider that ionization from ͑excited͒ u states is found to be more efficient in parallel alignment ͓49͔.
III. NONSEQUENTIAL DOUBLE IONIZATION FOR DIFFERENT MOLECULAR ALIGNMENTS
In this section we present the results of numerical simulations for double ionization using the planar model for alignment of the molecular axis parallel and perpendicular with respect to the polarization axis. We will also compare the different pathways leading to double ionization with those identified by using the cylindrical model for the aligned molecule ͓42͔. To draw conclusions of the quantitative differences we will then introduce an approximative method to distinguish the different pathways.
For the simulations we have solved the time-dependent Schrödinger equations using the Crank-Nicholson method on a grid. The parameters of the grid for the cylindrical and the planar models have been chosen as ⌬ = ⌬z = ⌬x = ⌬Z = 0.5 a.u. and the time step was ⌬t = 0.025 a.u. The grid extended over 300 grid points in the x ͑150 in ͒ direction, 500 points in the z direction, and 250 points in the Z direction. cos 1/2 -like absorbing mask functions have been used to avoid reflections at the boundaries. The grid parameters incur a momentum resolution of less than 0.050 a.u. and a maximal momentum of 6.3 a.u. within the planar model, which is sufficient for the present calculations.
In order to analyze the results with respect to single and double ionization we have partitioned the coordinate space as follows ͓42͔: for the cylindrical model͒. In Fig. 4 the partition of the grid is exemplified for the planes z =0 ͑left-hand panel͒ and x =0 ͑right-hand panel͒. Population in the brown ͑bound͒ and blue region ͑SI͒ will be identified as H 2 and H 2 + contributions, respectively. The complementary space contains the doubly ionized part. The geometrical configuration of the electron pair in the DI region is sketched in the right-hand panel: probability densities located in the upper and lower triangles correspond to the location of electrons at opposite sides of the nuclei, and those located in the left and right triangles correspond to locations of the electrons at the same side. The boundaries are chosen such that the probability densities of the H 2 model system are decreased by more than 13 orders of magnitude with respect to the maximum of the corresponding bound state. Test calcu- FIG. 3 . ͑Color online͒ Probability densities of the first two excited states of the two-electron H 2 + model system for the three configurations: cylindrical ͑upper panels͒, planar parallel ͑middle panels͒, and planar perpendicular ͑lower panels͒. First and third column: Densities integrated over the relative coordinate perpendicular to the polarization axis, x and , respectively. Second and fourth column: Densities integrated over the relative coordinate along the polarization axis z. lations with different boundaries have shown that the results qualitatively do not depend on the particular choice of the boundaries.
We compare the double ionization dynamics for the two alignments of the molecular axis in the planar model ͑as well as in the cylindrical model͒ by considering the interaction with a seven-cycle linearly polarized ramp pulse ͑two cycles turn on and two cycles switch off͒ with a carrier frequency of = 0.057 a.u., equivalent to a wavelength of 800 nm. The DI densities plotted in the following will correspond to integration of the probabilities over z and x, respectively.
A. Identification of the double ionization mechanisms
In Fig. 5 we present the single ͑green, light lines͒ and double ionization ͑black, dark lines͒ probabilities as a function of time along with the electric field of the pulse corresponding to a peak intensity of I =2ϫ 10 14 W / cm 2 ͑black dotted line͒. The general trend of the curves is quite similar. In both models and both alignments the single ionization curves rise shortly after the field maxima in agreement with the field ͑tunnel͒ ionization picture. The small dips are due to the return of a part of the single ionized wave packets, which are counted as bound contributions as they cross the nuclei ͑cf. Fig. 4͒ . As expected from the similarity in the ionization energies ͑cf. Table I͒, the ionization probabilities for the two different alignments in the planar model ͑parallel alignment: solid line; perpendicular alignment: dashed line͒ are quantitatively very similar. We may, however, note that the ionization probability is slightly larger for perpendicular ͑0.198͒ than parallel alignment ͑0.186͒ of the molecule. This result does not agree with the experimental observation for alignment-dependent ionization of the N 2 molecule, which has a highest occupied molecular orbital of g symmetry too ͓͑50͔͒. Whether this is due to any difference in the nature of alignment-dependent ionization of H 2 and N 2 or, what seems to be more likely, due to the restriction of the center-of-mass coordinate in the present model, is at present unclear.
On the other hand, the single and double ionization probabilities are significantly larger than those obtained in the cylindrical model ͑dashed-dotted lines; 0.014 for single ionization and 0.0029 for double ionization͒. This difference is probably due to the restriction of the electron motion to two dimensions in the planar model, which effectively enhances the electron-field interaction and, hence, results in higher ionization probabilities than in the cylindrical model. The double ionization curves have steep rises around the zeros of the field, which is a typical signature of the simultaneous double electron emission upon rescattering. However, the DI probabilities also increase during the field maxima, at which mechanisms like the RESI process are expected to occur. We note that the ratio between single and double ionization is smaller ͑between 2.7 and 4.7͒ in the three models as compared to experimental results ͓52͔. In our opinion, this should be attributed to the reduction of the center-of-mass motion of the two electrons, which intrinsically enhances the electronelectron interaction.
In order to distinguish different paths to NSDI, we show snapshots of DI probability densities at several instants of time during one rescattering event. From the snapshots we can identify the wave packets as they appear in the DI regions, and analyze especially their subsequent evolution in the components of the relative coordinate of the two electrons, which is dominated by the electron-electron correlation.
At first, we present in Fig. 6 snapshots taken at t = 424 a.u. The results are obtained using the planar model for alignment of the molecular axis parallel ͑left column͒ and perpendicular ͑right column͒ with respect to the polarization axis. Snapshots in the upper row correspond to DI densities integrated over the relative coordinate along the polarization direction z, while those in the lower row are integrated over the transversal component x. Please note that the horizontal axis in each snapshot represents the center-of-mass coordinate Z. We identify four different pathways to NSDI ͑labeled with 1.-4. in Fig. 6͒ , which we attribute as the well-known simultaneous emission of an electron pair upon rescattering ͑1.͒, the RESI process ͑2.͒, and two additional mechanisms, FIG. 4 . ͑Color online͒ Partition of the grid transversal to ͑z =0͒ ͑left-hand panel͒ and in ͑x =0͒ the polarization plane ͑right-hand panel͒. Acronyms denote the regions of the neutral molecules ͑bound͒, single ͑SI͒, and double ionization ͑DI͒. In the right-hand panel also sketched are the locations of the electrons ͑red, small circles͒ with respect to the nuclei ͑black, large circles͒ in the different DI regions. which we interpret as the decay of doubly excited states ͑3.͒ and a correlated emission after soft recollision events ͑4.͒. Each of these mechanisms appears to be present for both alignments of the molecule. Despite differences in their relative strength, which will be discussed in Sec. III B, we note that each contribution appears slightly later in time in case of perpendicular alignment of the molecular axis as compared to the case of parallel alignment. The qualitative behavior of all DI contributions is similar for both considered molecular alignments. Therefore, we only examine the perpendicular molecular alignment in the following analysis of the temporal evolution of the DI mechanisms.
Before proceeding in discussing the different pathways, we note that each of them appears due to a single recollision event. In order to draw this conclusion we have performed additional test calculations, in which we have absorbed the outgoing single ionized wave packet, corresponding to the present rescattering event ͑for technical details cf. ͓42͔͒. This suppression of the return of the wave packet to the ion is found to result in a disappearance of all contributions to DI, discussed below.
Simultaneous emission (SE) upon rescattering
The simultaneous emission ͑SE͒ of the electron pair occurs immediately after the first electron scatters with the molecular ion. It is particularly relevant at times when the field vanishes ͑i.e., when the most energetic rescattering takes place͒. We have identified this mechanism already before in the numerical simulations using the cylindrical model ͓42,43͔. The emission of the second electron is a result of the impact of the first, while the electromagnetic field plays a secondary role. The picture associated with this pathway is an emission of both electrons primarily to the same side of the nuclei; the relative distance between the electrons transversal to the polarization direction increases quickly in time due to the strong Coulomb repulsion.
The temporal evolution of this process can be seen in Fig.  7 , where this part is marked with white arrows. The DI densities are shown for t = 378 a.u. ͑first column͒, t = 388 a.u. ͑second column, near field zero͒, t = 398 a.u. ͑third column͒, and t = 418 a.u. ͑fourth column͒. The doubly ionized wave packet appears in the right triangle of the Z − z distributions ͑snapshots in the lower row͒. It is driven by the field in the negative Z direction. As expected, during this evolution the transversal relative distance x between the two electrons quickly grows ͑snapshots in the upper row͒.
Recollision-excitation with subsequent field ionization (RESI)
The so-called RESI mechanism is a NSDI process, in which the recollision of the first electron is not energetic FIG. 6 . ͑Color online͒ DI probability densities taken at t = 424 a.u. for parallel alignment ͑left column͒ and perpendicular alignment ͑right column͒ of the molecule. The distributions are integrated over z ͑upper row͒ and x ͑lower row͒, respectively. Arrows with different labels indicate the contributions corresponding to different NSDI mechanisms ͑1.: Simultaneous emission upon rescattering, 2.: Recollision-excitation with subsequent field ionization, 3.: Decay of recollision-induced doubly excited states, and 4.: Correlates emission after soft collision͒.
FIG. 7. ͑Color online͒ Integrated DI probability densities taken at t = 378 a.u. ͑first column͒, t = 388 a.u. ͑second column͒, t = 398 a.u. ͑third column͒, and t = 418 a.u. ͑fourth column͒ for perpendicular alignment. The distributions are integrated over z in the upper and over x in the lower row. The arrows indicate the contributions corresponding to simultaneous emission upon rescattering. enough to release the second electron from the molecular ion, but the latter is promoted into an excited state. The double ionization process happens at a later time through the interaction of the electron in the excited state with the rising field. Figure 8 shows the RESI contributions. The snapshots are taken at t = 405 a.u. ͑first column͒, t = 415 a.u. ͑second column͒, t = 425 a.u. ͑third column͒, and t = 435 a.u. ͑fourth column͒. The respective DI wave packets are released around the field maximum ͑t = 413 a.u.͒ from the SI region, indicating field ionization out of the states of the singly ionized hydrogen molecular ion ͑cf. Z − z distributions in the lower row͒. It has been shown before ͓42,43͔ that such contributions arise predominantly from the excited states populated via the recollision process, as expected for the RESI process. The kinematics of the doubly ionized wave packet are such that the electrons are ejected at opposite sides of the molecule ͑upper and lower triangles of the Z − z distributions͒. Therefore, the correlation between the electrons is small, which leads to almost negligible dynamics of the electrons perpendicular to the polarization direction, as it can be seen from the Z − x distributions. Please note, that parts of the RESI contribution are driven by the field through the singly ionized and bound regions before they appear in the left triangle of the Z − z distribution ͑right column͒.
Decay of recollision-induced doubly excited states (DRIDES)
Besides these two mechanisms we can clearly identify two further DI contributions in the snapshots in Fig. 6 . One of the contributions is marked with 3 and its temporal evolution is shown in Fig. 9 , where the snapshots are taken at t = 425 a.u. ͑first column͒, t = 430 a.u. ͑second column͒, t = 435 a.u. ͑third column͒, and t = 445 a.u. ͑fourth column͒. These wave packets are released from the bound region into the left triangle of the Z − z distributions. There they partially overlap with the SE contributions and are therefore difficult to identify, in particular, in the previous 1D models. In our case, however, they can be clearly distinguished from other contributions through the probability density along the perpendicular relative coordinate. In the subsequent temporal evolution the relative distances ͑z and x͒ between the two electrons slightly increase but much slower as compared to the SE contributions. This agrees with the emission of a weakly correlated two-electron wave packet from the molecule. The rather long time delay between the recollision event and the creation of this correlated DI contribution suggests that the incoming electron leaves its energy entirely to compound a two-electron excited state, which is finally detached from the molecule after the subsequent field maximum. From the comparison ͑see Fig. 6͒ it becomes apparent that this process is more probable in the perpendicular configuration, in which the pathway to the double ionization is the same for both the two electrons, while in the parallel case one of the electrons is forced to cross the two potential wells.
Correlated emission after soft collision (CESC)
Also taking place after the field maximum, we can identify another NSDI process that is characterized by an almost constant and small relative distance in the perpendicular direction ͑x͒ but large axial distance ͑z͒. It is marked with 4. in Fig. 6 and the evolution of its wave packets can be seen in Fig. 10 . The considered points in time are t = 420 a.u. ͑first column͒, t = 425 a.u. ͑second column͒, t = 430 a.u. ͑third column͒, and t = 440 a.u. ͑fourth column͒. It can be seen that the marked contributions correspond to electrons emitted on opposite sides of the nuclei. In terms of the axial relative dynamics, this process cannot be resolved, as its associated probability density overlaps with the corresponding contribution to the RESI process considered before. However, our model reveals the difference as it shows that the relative distance between the electrons in the perpendicular direction is not zero, as in the case of RESI. This, in fact, shows the correlated origin of the wave packet. On the other hand, the large axial coordinate exhibits the asymmetry of the electron pair after the collision: the second electron accesses the ionization region when the first electron is already far from the molecular ion. This is a major difference to the process of simultaneous emission described above. A second difference is the time at which the electron pair appears in the double ionization region: in SE right after the rescattering, i.e., near the zero of the field, while in the present case more than a quarter of a cycle later. These two facts suggest a soft rescattering in which the first electron releases a small part of its energy to promote the second just above the ionization threshold. Afterwards, it slowly drifts toward the spatial region defined for double ionization where it appears at a later time.
B. Relative strengths of the pathways
Next, we will analyze quantitatively the strengths of the different pathways to double ionization for the two molecular alignments considered. As discussed in the last section, the mechanisms differ in the separation of the electrons in the direction perpendicular to polarization axis. While in the SE mechanism the two electrons are strongly correlated and, hence, move quickly apart from each other in that direction, the electrons are minimally correlated in the RESI mechanism and propagate along the polarization axis. The other two mechanisms, namely, correlated emission after soft collision ͑CESC͒ and decay of recollision-induced doubly excited states ͑DRIDES͒, have almost constant ͉x͉ ͑around 10 a.u.͒. This provides us with a tool to separate the contributions to the double ionization wave packet in the direction perpendicular to the polarization axis. We have chosen ͉x͉ Յ 6.25 a.u. as the region counted as RESI and everything in the subspace ͉x͉ Ն 15 a.u. is defined as SE. The region in between contains the other mechanisms.
Using that separation we are in the position to investigate the temporal evolution of double ionization during the pulse. In Fig. 11 we show the ratio of SE to RESI for the parallel FIG. 10 . ͑Color online͒ Same as Fig. 7 , but the densities are taken at t = 420 a.u. ͑first column͒, t = 425 a.u. ͑second column͒, t = 430 a.u. ͑third column͒, and t = 440 a.u. ͑fourth column͒. The arrows indicate the contributions corresponding to the correlated emission after soft collision.
͑solid line͒ and perpendicular ͑dashed line͒ alignments as a function of time. Since the first relevant rescattering event occurs at around t = 220 a.u., the curves are only plotted for times beyond 250 a.u. The oscillating behavior, with maxima shortly after the zeros of the field and minima shortly after the maxima of the field, reflects the fact that simultaneous emission occurs near the zeros of the field while RESI is most probable at the field maxima. The ratios get constant at a later time due to saturation of ionization. SE exceeds RESI by a factor of 5.7 in perpendicular alignment and 3.9 in parallel alignment.
To draw a conclusion on the relative strengths of these two double ionization mechanisms we look at their dependence on the intensity, shown in Fig. 12 . The overall behavior is an almost monotonic rise of all double ionization contributions. Please note that the curves do not show the wellknown knee structure, since sequential ionization is suppressed due to absorption of the outgoing single ionized wave packets beyond twice the quiver radius of the electron at the edges of the grid. The contributions from all NSDI mechanisms except RESI are approximately of equal strengths in both alignments. This may be understood as follows: The ionization potential of H 2 + is a bit smaller for perpendicular configuration which is, however, balanced by the fact that the returning wave packet is slightly wider in the transversal direction for perpendicular alignment, which leads to a less efficient rescattering process. On the other hand, there is a distinct difference for the RESI process. It is significantly stronger in the parallel as compared to the perpendicular alignment of the molecule.
The difference in the probabilities for the RESI process can be readily explained by looking at the ionization probabilities of the two-electron H 2 + from its first excited states, presented in Fig. 13 . Here the averaged value obtained from the two degenerated states is shown. From the results it can be seen that ionization from the first excited state in perpendicular alignment is strongly suppressed. This is in agreement with the results of earlier studies that ionization from a u state ͓49͔ is less efficient if the molecule is aligned perpendicular with respect to the polarization axis. Ionization from the second excited state ͑not shown͒ has almost the same probability in both configurations, so that the suppression of ionization from the u state qualitatively explains the difference in the RESI probabilities found above.
IV. CONCLUSIONS
We have presented a two-electron model to describe nonsequential double ionization of a hydrogen molecule with fixed nuclei at different alignments of the molecular axis with respect to the polarization axis of the external field. Within the model we restrict the center-of-mass motion of the two electrons to one dimension, parallel to the laser polarization, and the relative motion to a plane containing the molecular and the polarization axes. We have characterized the model and compared our results for single and double ionization with earlier studies. The inclusion of the transversal relative coordinate in our model allows us to resolve the different processes leading to NSDI. In particular, we have shown that the strength of simultaneous emission of a correlated electron pair upon recollision is quite similar in both alignments, while RESI is more efficient in parallel than perpendicular alignment. This could be explained by the different ionization behavior of the u state of the hydrogen molecular ion in the two alignments. In addition, we have identified two other contributions for NSDI that are characterized by the relative coordinate perpendicular to the laser field. According to our data, we have proposed two ionization mechanisms, namely, the decay of recollision-induced double excited states and the correlated emission after soft collision, that may be responsible for them.
